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TRANSFORMATIONS OF SURFACES O* 

(Second memoir) 

BY 

LUTHER PFAHLER EISENHART 

In a former memoirf we developed a theory of transformations K of conju- 
gate systems with equal point invariants into systems of the same kind. 
Subsequently { we considered the case in which the lines joining corresponding 
points on two surfaces in the relation of a transformation K form a normal 
congruence. These surfaces, being of a particular kind, are called surfaces C . 
We have shown that there are transformations of the K type, denoted by 
Km , which transform a surface C into surfaces C . The surfaces S , orthogonal 
to these normal congruences, are the surfaces Q discussed by Demoulin.§ 
We showed that there exist transformations Am of 8 into surfaces S,-, such 
that S and a surface fSi envelope a two-parameter family of spheres, and in 
the correspondence between S and Si thus established lines of curvature 
correspond. In the present memoir we extend our investigations concerning 
these transformations A^ , and more particularly apply the results to certain 
types of surfaces fl . 

Transformations Am belong to the general class of transformations of 
Ribaucour, and in the first part of the paper we put the equations in a form 
possessed by all transformations of Ribaucour. 

Guichard discovered H a class of surfaces possessing the following charac- 
teristic property: If S is such a surface, there exists an associate surface Si 
such that the lines of curvature on the two surfaces have the same spherical 
representation, and the principal radii of curvature pi , p2 and p'l , p2 of the 
respective surfaces are in the relation 

Pi P2 + P2 Pi = const. + . 



* Presented to the Society, December 28, 1915. 

t These Transactions, vol. 15 (1914), pp. 397-430. This memoir will be referred 
to as Ml. 

i These Transactions, vol. 16 (1915), pp. 275-310. This memoir will be referred 
to as Ml. 

§Comptes Rendus, vol. 153 (1911), pp. 590-593, 705-707. 

llComptes Rendus, vol. 130 (1900), p. 159. 
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Demoulin* remarked that these surfaces are surfaces Q. We apply the above 
general results to these surfaces of Guichard and show that they admit trans- 
formations Am into surfaces of Guichard. f 

The circles orthogonal to two surfaces in the relation of a transformation 
Am form a cyclic system. We call the planes of these circles the circle-planes 
of the transformation. Beginning with § 8, we consider the case where for 
two or more transformations Am the circle-planes are the same for these 
transformations. We find that there are special surfaces fi depending upon 
six arbitrary constants which admit, in general, three transformations Am 
such that the circle-planes are the same, and these complementary trans- 
formations are known when a special surface is given. 

We have shown in M2 that the transformations Dm of isothermic surfaces, 
discovered by Darboux} and studied at length by Bianchi,§ are transforma- 
tions Am • Applying the foregoing results to isothermic surfaces we are led to 
the special isothermic surfaces studied by Darboux and Bianchi in the memoirs 
indicated. 

In like manner these results when applied to surfaces of Guichard lead to 
the special surfaces of Guichard previously studied by the author. || 

In §§ 3 and 19 a study is made of the envelope of the circle-planes of comple- 
mentary transformations. These surfaces are applicable to quadrics when S 
is a special isothermic surface or a special surface of Guichard. 

In the closing section it is shown that for certain surfaces fl the transforma- 
tions Am go in pairs, the circle-planes of any pair being the same. But the 
transformations cannot be found directly as in the case of the complementary 
transformations of special surfaces. The surfaces of Guichard are of this 
type. 

1. Equations of a surface C 

In accordance with the definition of a surface C , its cartesian coordinates, 
X, y , z, a complementary function t, and the function 3^ -\- y^ -\- z^ — f are 
solutions of an equation of the form 

dudv dv du du dv 



* L. c, p. 707. 

t These transformations are the same as those found by the author formerly by a method 
not based upon the underlying transformations K^ , Annali di matematioa, 
ser. 3, vol. 22 (1914), pp. 191-248. 

JAnnales de I'Ecole Normale Sup6rieure, ser. 3, vol. 16 (1899). 

§Annali di matematioa, ser. 3, vol. 11 (1905), pp. 93-168. 

II A n n a 1 i , 1. c, pp. 235 et seq. 
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The fundamental functions E , F , G , D , D" of C are given by* 

.= ..«-^.i[(£)V(g)>i, 



D _ mo(Xo - pdo) _ ir_ moCKo + pdo) _ 

H To ' H To 

1_ VdH dl d log Vp a< d log Vp l 

27^ p L 5«^ du du dv dv J ' 

]_ p^ < dt dlog^ di d log Vp "| 

i/^ p L 5^^ ^« 5m dv dv J ' 



where 

(3) 
and 

^0 being the solution of (1) which determines a conjugate surface Co of C 
(cf. M2, § 3), and Xo being determined by the equations 

5Xo _ ddo d\o _ ddo 

By means of the above equations and the expressions [41], it can be shown 
that the expressions (2) for D and D" satisfy the Codazzi equations, f There 
remains the Gauss equation J to be satisfied, which is reducible in consequence 
of (2) to 

m2 -L' yT I Ao + pOO ) 

■-«^(x.-.«][(£)%(i-:)vj] 

d^ log a/p d^ log Vp 

" du" "^ dv^ ■ 

Recapitulating these results, we have 

Theorem 1. The analytical determination of surfaces C consists in finding 
five functions Xo, 0o> To, p, and t satisfying equations (4), (5), (6) and 

dH d log 4^ dt d log Vp a< _ ^ 
dudv dv du du dv 



* Cf. [35], [36], [43], [46]. A reference of this sort is to equations of the memoir M2. 
t E., p. 156. A reference of this sort is to the author's Differential Geometry, Ginn and Co., 
Boston, 1909. 
X E., p. 155. 
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2. Equations of transformations Am 

The lines joining corresponding points on a surface C and the conjugate 
surface Co form a normal congruence. The orthogonal surfaces are surfaces fi 
by definition. Let 8 be one of these surfaces. In M2, § 8, we established a 
transformation of S of the Ribaucour type. In the present section we give 
another form to the equations of such transformations Am • 

If X, Y, Z; Xi, Yi, Zi; X2, Y2, Z2 denote the direction-cosines of the 
normal to S and of the tangents to its lines of curvature, we have from [9], 
[12], and [53] 

(8) Z = ^(aoXi + 6oX2 + woX) 

■to 

and 

^ i-/dx dt -\ — r ( ^^ dt ^\ 

(9) ^^ = ^(a^ + a^^)' ^^ = ^^5^ + 5^^)' 

where X , Y , Z; Xi, Yi, Zi, X2, Y2, Z2 are the direction-cosines of the normal 
to C and of the bisectors of the angles between the parametric curves on C . 
In consequence of [7] and (8), equations (9) may be replaced by 

where 2w is one of the angles between the parametric curves on C . 
By means of the expressions [42] and [46] for ao, bo, Wo , namely 



To f 1 dt I dt 



2 cos w \ sJe du VG dv 
(10) 

To { 1 dt 1 dt\ To 

'"'~ 2 sin w\4Edu -^dt)' '^" 



vj' 

Hp' 



these are reducible to 



(sina,Zi-cosa,X.-F-~£z), 



Xi = , , . 

sm 2co yEp \ 

(11) 

X2 = ;^= ( sin CO Xi -f cos co X2 H — j^ -r-X ) . 

sin2coV(?p\ <Ed^ ) 
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From (8) and (11) we have 

^^ To ^2sinwV VEp ^lGp J 

If Si denotes a transform of the surface S by a transformation Ami, ^^ 
developed in M2, § 8, the two surfaces S and Si are the envelope of a two- 
parameter family of spheres. From [98] and [99] it follows that the coordi- 
nates, ^ , rj , f , of the centers of these spheres are given by equations of the 
form 
(13) ^ = x+ (a - t)X = xi + (a -t)X', 

where xi, yi, zi are the cartesian coordinates of Si; X', Y' , Z' , are the direc- 
tion cosines of the normal to Si; and 

,^ ,s Tq 9i 

^ ' '^ ~moXo(0i -0oi)' 

In order to explain the terms in this expression, we remark that Si, being a 
surface fi, is normal to the lines joining corresponding points on two surfaces 
Ci and Cio . These surfaces Ci and Cio are in the relations of transformations 
Kmi with C and Co respectively, and the transformation functions are 9i , Xi 
and 001 , Xoi respectively. 

If xio , t/io , 2io and xi, yi, zi denote the cartesian coordinates of Cio and Ci 
respectively, we have 

(15) X' = -^ — (a;io-a;i), X = -yj^ {xo - x) , 

i 10 -to 

where T\o is the analogue of To . 

Since C , Co , Ci , Cio form a quatern of surfaces under the relation of trans- 
formations Km, we have from [73], [76], [77], [79] the relations 

(16) Xy Oi = Bijhi — Ojhi -\- Vihj, Vijhi -\- Ojihj = 0, 

Xy di -\- Xy,- dj = , 

and 

(17) Xy di Xij = dij Xi X — Xi dj Xi + \j di Xj , 

for i = 1 , j = . Also from [9] 

(18) Xi — X = — r- (ttf Xi + &i -X'2 + Wi X) 
for i = 1. 
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By means of these equations the expression (15) can be given the form 
^' =^^[(^ioXi+Xo^i)(a;i-a;) + Xo ^i(a; - a;o)] 

01 1 10 

,_., mo r/^oi_^^u ,^i«<'\v 

(19) = — nT- I ^> Xo ai + I Xi 

^ ' mi fio L V Xi mi mo / 

, /^oi-^i. , , ^i^-oN^ , / goi - ^1 , , ^i^o\^1 

+ I ^i^ Xo 6i H 1-^2+1 -T^ Xo wi + )X \. 

V Xi mi mo J V Xi mi mo / J 

If the expressions (12) for Xi, Xi, and X be substituted in this equation and 
use be made of the identities 

, Wo dt 

ao sin CO — Oo cos co + ^= x- = U , 

Wo at 
ao sin CO + Oo cos co + — p; ^ = , 

which follow from [42], and of the relation [97], namely 

(21) (Tio- ro)^i+ (001- 0i)moXo(<i-O =0, 
ii being the complementary function for Ci , we have 

X' = X + - rr /) -v ^ — 1 -^- + Ximi(ii - t) \X 
i 10 01 Xi mi \\_ lo J 

r- dt 

(fli sin CO — &i cos co) VG + wi^r- 

(22) • + V^ ^^ 

(9/ 1 

( ai sin CO + 6i cos co ) -yE + ^'i T" _ I 

+ ^ "'*•)' 

where we use the abbreviation 

(23) *»/ = tti ttj + hi hj + w,- wy ( » + i ) • 
From (13) we have accordingly 

(24) xi-x = (<-(r)(l'-Z) = ^(,7iZi+/3iX2+MiX), 

<Ti mi 

where 

^10 01 Xi 

"^ ~ ro0i + moXo(0oi - 0i)<' 



(25) 



r;i = - ( fli sin co — 6i cos co ) VG + wi ^ I , 

fli = — p — ( ai sin CO + 6i cos di ) ^vE + ^1-7- , 

/ii = mi Ai(ti — E) +-^. 
•'o 
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From [100] itfollows that the radius R of the variable sphere whose en- 
velope is S and Si is given by 

^^ moXoC^oi-^i) 

We consider for a moment a general transformation of Ribaucour of any 
surface. If the equations of the transformation are written in the form (24), 
the functions rji, ^i, fxi, <ti and the function n defined by 

(27) 2min<Ti = 7?f +^f +m! 

satisfy the equations: 



(28) 



dfii 
du 


Pi 


an 

du 


-^E-n,, 


a/3i 


m ^^lE 


du 


"a/g ^' ' 


d log <Ti 

du 


--ME.-. 


drji 
du 


/3i d^|E 



di=^^^^' 

dm _ I3i_d V'g 
dv ^^ du ' 

d log <ri j-^ I3i 
""^^ = ^^^ n' 



+ Ml— + mi <ri(V^" - V^i) , 



Pi 

d^i ^1 d4^ V^ -^ ;^ 

where E_, G and ^i, Gi are the first fundamental coefficients of the given 
surface 8 and its transform Si , and pi , p^ are the principal radii of curvature 
of S. Conversely, every set of functions satisfying these equations deter- 
mines a transformation of Ribaucour.* 

The ratio ti/;ui is_equal to the radius of the variable sphere of the trans- 
formation. When S is a surface 12 and the transformation is of the type Am , 
it follows from [93] that 

(29) moXo(eoi - ^i) + TomiXiih - t) -f f-io = 0. 

Hence from (25), (26), and (29) we have 

moXo(0oi - ^i)<+ ToBr 

I'l m > 

■to 

(30) 

_ _ mp Xq ( Bqi — $1 ) _ mo(Xigio +Xogi) 

"'' To ~ To - 



* Annali, ser. 3, vol. 22 (1914), pp. 191-248. 
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From these expressions follows 

(31) ri=,xit-di, 

and from (21) and (30) 

(32) e,Tio= Toiix^ih-t) + e,]. 

Hence from the first of (25) we have 

(33) (Ti = -[mi(<i - + ^i] = - (mi <i - Tl) . 

Ti Ti 

From [54] we have that the fundamental functions for a surface S are 
expressible in the form 



E 



= 1 — "jT'i^O ~ P^o) -p, 



V(? = [1-^^X0 + peo)l-V, 
(34) L io A ^ip 

V^ _ mo(Xo - pgp) -^G _ mo{\o + pOp) 

Pi To-^p ' Pi Tq^p 

D = E/p,, D" = G/p2. 

When equation (31) is differentiated and use is made of equations (28) 
and (34), we obtain 

rt dt ddi\ „ rf dt ddi\ 

(35) '?^ = ^p(mx^-^J> ^^ = ^^[>^^e-v-T.)- 

A function Oi determining a transformation K^^ of C , and consequently 
a transformation A^ of S , must satisfy the equations [65], namely 

-T— + ■^E cos w ai — sin CO 61 + ( <i — < ) '-^— ( cos w ao 

— sin CO 60 ) = , 
(36) QQ^ p ^^^^^ -■ 

-5— + VG cos CO ai + sin CO 61 + {ti — t) — ^r^ ( cos co a^ 

+ sin CO 60 )= . 

When these expressions are substituted in (35) and also the expression for yn 
from (25), we obtain 

■fpV dt r- 1 

5?! = -yT *io n — \- To ^E ( ai cos CO — 61 sin CO ) , 

(37) 

VpT dt ,- 1 

;8i = y- $10 Q- + jTo "VG ( ai cos co + 61 sin co ) . 
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These equations are consistent with (25) in consequence of (10). 

We recall from M2, § 6, that the complementary function ii of Ci is given by 



dt 
du 

dv 






for i = 1 . Making use of these equations and the preceding equations, we 
obtain from (33) by differentiation 



da 

du 

(39) 



dai 

dv 



(40) 



1 171 |"Xigi<imo(Xo - pOo) 4 , a 1 

- = ^L To Xim^. + P^mJ, 

; = -^.[ To XxMiix-P^inJ. 

From (28), (35), and (39) we have 

r= 1 [eitimo{\o - pOo) , , p6i Ti "I 

■Spin- iJ.iti)L ■'0 Ai J 

[^ -1 r^i<imo(Xo + p^o) , peiTi ] 

VGi = -7=- — ^T hfii - -z — . 

■Spin- niti)L ■'0 Ai J 

From these expressions and (34) we get 

XiVp(Ti -/ii<i)L ■'0 J 

(41) 

^^+^G=^-.-^^-^-Lit - ^0 ""%+ ^^"^ -X. - pel 

Al A/p ( Ti — /*i ii ) L ■'0 J 

Hence the last two of equations (28) may be written 



drji 1 d-s^E m. Q^ , ^ mo(Xo-peo) 

du J^ dv Vp ^lpTl 

(42) ^ p 

To these formulas we add 
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which is obtained by solving the second and third of equations (25) for ai 
and 61 and by substituting these and the expressions (10) for ao, bo, Wo in (23) 
for i = 1 , j = . 

3. Envelope of the circle-plane of a transformation Am 
It is a well-known fact that the circles orthogonal to two surfaces which 
are in the relation of a transformation of Ribaucour form a cyclic system, 
that is they are normal to an infinity of surfaces. We call the plane of this 
circle the circle-plane of the transformation and in this section we derive certain 
results concerning the surface So which is the envelope of these planes. 

From (24) it follows that the direction cosines of the normal to this plane 
are proportional to 

(43) ;8ili-,?iX2, ^iYi-mY2, ^iZ.-rjiZ^. 
Consequently the coordinates a^o , yo, ^o, of So are given by 

(44) xo = x + p{viXi+^iX2)+qX, 

where p and q are to be determined. The conditions necessary and sufficient 
that So be the envelope are that 






(45) Z(^i^i 

The derivatives of Xi , Z2 , X are given by 



^(^1X1 - rjiXi)-^ 



0. 



(46) 



dXi 
du 

du 



Pi 



1 d^E 



aXi 

dv 



1 d 



a/g^ 



a/^ 



du 



X2, 



4g 



dv 



Xi, 



aX2 

dv 



dX _ -yJE- 



1 ^^[G^ ^[G- 



X2.* 



dX 

dv p2 

By means of these equations and (28) we find that equations (45) are equivalent 
to 



P 



(47) 



= -(---) 

r\P2 Pi/' 

\P2 Pi J 



+ mi<ri 



^1 + V-^i 



r = mi<7i 






1^ 

P2 



a/g sIe 

-\JeL' 



■E., p. 157. 
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From (28) we have 

Since these equations become the Rodrigues equations,* when ti and /ii 
are replaced hy x,y,z and X , 7 , Z respectively, it follows that n is a solution 
of the point equation of S and m of the tangential equation. Hence jxi, X , 
Y , Z are the tangential coordinates of a surface So which corresponds with 
parallelism of tangent planes to S and with lines of curvature in correspondence. 
If fo> Voi To are the cartesian coordinates of So, their expressions as given by 
the general equations for tangential coordinatesf are reducible in consequence 
of (28) and (46) to the form 

(49) ?o = jui 1 + t?i Zi + /3i X2 . 
Making use of these results, we have from (44) 

(50) dxo = Xdo) + iodp, 
where 

^ \^^G ^jE/ 
If we put 

(51) ^ = Mi«+|(M? + '??+^f)+Ti, 

the linear element of »So may be given the form 

(52) dsl = du^ + 2dpd4' . 

These results which are true for any cyclic system will be applied in § 19 to 
certain transformations Am • 

4. Inverse of a transformation Am 

It is evident that the relation of a transformation Am is entirely reciprocal, 
and in the subsequent theory it will be desirable for us to know the functions 
by means of which S is given as a transform of Si . 

The equation analogous to (24) is 

x-x^= - _^^- ivT' x[ + /3r' z; + Mr' x'), 



where X' , Y' , Z'; X\, Y[, Z[; X'^, Y'^, Z'^ are the direction-cosines of the 
normal to Si and of the tangents to its lines of curvature. For any trans- 

* E., p. 122. 
t E., p. 163 
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formation of Ribaucour, defined by (24), these direction cosines are given 
by the following expressions:* 

Xl = Xi H — (xi — x) , X'i = — X2 {xi — x) , 

n Ti 

X' = X + -{xi -x). 

Substituting these expressions in the above equation and replacing xi — x 
by its value from (24), we get an equation of the form 

AX + BXi + 0X2 = 0, 

Since this equation is also true when the X's are replaced by the Y's and Z's, 
it follows that A , B , and C must be zero. This gives the three equations 

0-1 1- 0-1 = <ri \- ffi = — (Tl -5- + (Ti = 



Ml Vi Pi Wi Ti 

From these equations and (27) follow 

jjr' = pm, )3r' = — p/3i, mf' = PMi> <^r' = po-i, 

where p is a factor of proportionality to be determined. 

We have remarked that the radius of the variable sphere is ri/fxi . Hence 
tT^ = pri. If this value be substituted in equations analogous to the third 
and fourth of (28), we have in consequence of others of these equations that 
p = c/n <Ti , where c denotes a constant. Hence 

VT^ = cjji/ti 0-1 , j3Y^ = — c/3i/ri ai , nT^ = c^i/ti ai , 
(53) 

Tx ' = c/(Ti , 0-1 = c/ri . 

It is readily found that these values satisfy equations analogous to (28). 

5. Surfaces of Guichakd 

It is our purpose to apply the preceding results to the surfaces of Guichard, 
as defined in the introduction. Calapsof made a study of these surfaces and 
determined their characterization. He found that there are two types which 
he called surfaces of Guichard of the first and second kinds. He showed that 
the fundamental functions of a surface of the first kind are given by 

(54) V^ = e^sinha, -yjo = e^ cosh a, F = 0, D' = , 
D = e^ sinh a ( cosh a -\- h sinh a ) , 
D" = e^ cosh a ( sinh a -\- h cosh a ) , 

* A n n a 1 i , 1. c, p. 196. 

fAnnali di matematica, ser. 3, vol. 11 (1905), pp. 201 et seq. 
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where ^, a, and h are functions satisfying 

^={h + coth a)^, 5^ = (^ + tanh a)^^, 

a^ + 3,T + coth a ^ + tanh a ^^^ - csch^ a ^ ^ 

(55) 

do: d^ 
+ sech^ a -7— ^^ + ( cosh a + A sinh a) ( sinh a + A cosh a ) = , 
at) ov 

^ ^ = "^" T" + coth a V" "^^ — r tanh a -r- "V • 
dudv au ov du ov ov ou 

Conversely every set of functions satisfying these equations determines such a 
surface. In what follows we consider only surfaces of the first kind, but 
analogous results are equally true for surfaces of the second kind. 

The fundamental functions of the associate surface S' are of the same 
form as (54) in functions |' , a' , h' , given by 



<>(' 



= e-Hl -h'), 



(56) 



sinh a' = ,^ _ ^ [ sinh a ( 1 + A^) + 2A cosh a], 
cosh a' = ^ __ ,2 [ cosh a{l + ¥) -\-2h sinh a] , 



Comparing equations (34) and (54), we have 

Wio (Xo — pBo) = Vpro (cosh a -\r h sinh a) , 

Wio(Xo + pBo) = Vp To (sinh a + h cosh a), 

(57) ^ 

To — mo <(Xo — pdo) = To^pe^ sinh a, 

To — mot{\o + pBo) = To Vpe^ cosh a . 

EHminating Xo — pdo and Xo + p6o from these equations, we obtain two 
equations which are equivalent to 

(58) t = e^/il-h), Vp = (1 - A)e-<^+->. 
Substituting these values in (57), we find 

(59) ^o=|^(l-/^^)e-^ ^o=-^^%^ 

With the aid of the first two of equations (57) the first two of equations (4) 

Trans. Am. Math, Soc. B 
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are reducible to 



(60) 



d log To r . , , z, • u ^ ^< 

,, = ^p ( cosh a + ft Sinn a ) v" > 

du du 

d log To r,., , , , .dt 
= Afp ( Sinn a + ft cosh a)^ . 



dv dv 

From (58) and (55) we have 
/An a/ ,^„ cscha 3| a< secha ^g 

^''^^ aw (i-A)2aM' dv (i-hydv' 

Substituting these values in (60) and making use of (55), we find 
d log To 1 dh d log To 1 dh 



(62) 



du 1 — hdu' dv 1 — h dv' 



Since Xo, ^O) To in the transformation from C to Co are determined only to 
within a constant factor, it follows that in all generality equations (62) may 
be replaced by 

(63) ^0 = 1^. 
Consequently equations (59) become 

(64) ^o = l'~P'e- 



-f 



d 


log ^lp 
du 


h- 


~r CSch 


5? 
du 


da 

~du' 


d 


logVp 
dv 


h- 


-; sech 


""dv- 


da 
' dv' 



2 mo ' " 2{h- l)mo' 

It is readily shown that these functions satisfy equations (5). 
From (58) and (55) follow also 



(65) 



With the aid of these results it can be shown that t, given by (58), is a solution 
of equation (1). 

From the general existence theorem concerning surfaces of Guichard, as 
given by Calapso, it follows that each set of functions J, a, h, satisfying 
equations (55), determine a surface C , for which t and p are given by (58), 
and the surface Co is determined by the functions Xo, ^o, To, given by (63) 
and (64). 

6. Tkansformation of surfaces of Guichard 

It is our purpose now to show that there are transformations Am of surfaces 
of Guichard into surfaces of the same kind, and that these transformations 
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are equivalent to certain ones obtained by us* previously in another manner. 
In the first place we observe that there must exist two functions Xio, ^lo 
for the new surface whose expressions are of the form (64), namely 

(66) Xio = o— z — e f', ^10 = 



2 mo ' '" 2(Ai-l)mo* 

When the values (64) and (66) are substituted in the first of equations (16) 
for i = 1 , j = , we have 

(67) (e-^(l + /M)-(l + A)e-09i = Xi(^-j-^-Y). 

From the general theory of transformations Xf it follows that the point 
equation for Ci is that obtained from (1) when p is replaced by pi, where 

(68) p. = |. 

From (58) it follows that we must have for the surface Ci 

(69) a/^ = (1 - Ai)e-^^'+-'^ 

When this value and that for p from (58) are substituted in (68), we get 

(70) Xi = &i ( 1 - /^i ) ( 1 - A ) e-«' ^«'+^+«> . 
Eliminating Xi from equations (67) and (70), we get 

(1 - e-<«'+«^) (e^ - e^') + (1 + e" <">+"')( Ai e^ - he^') = 0. 
If we introduce a function ki by the equation 

the above equation may be replaced by 

(72) h = ki-he^, hi = ki-he^', 

h being a function thus defined. 
From (71) it follows that 

cosh ai{l — kl) = {I + kl) cosh a + 2ki sinh a , 

(73) 

sinh ai ( 1 — fc, ) = — 2ki cosh a — {1 + kl) sinh a , 

and thence 

cosh ai + kl sinh ai = cosh a + ki sinh a = (pi, 

(74) 

sinh ai + ki cosh ai = — ( sinh a -\- ki cosh a) = — i/'i , 



*L. o. 

t Mi, p. 412. 
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^1 and \pi being thus defined. Hence (73) may be written 

(1 — kl) cosh ai = (t>i + hi ^i , 
(75) 

(1 - lc\) sinh ai = - (^i + h^i). 

_ From (54) and (58) it follows that ti and the fundamental quantities Ei and 
Gi for Si must be of the form 

(76) V^i = ^^' sinh ai, -y/^i = e^' cosh ai, h= ^ , . 

When these values are substituted in (40), the resulting equations are 
reducible by means of (57), (58), (72), and (74) to the single equation 

(77) Ziei(l - A) +Mi(l -A:i) =0. 
From this and (31) we obtain 

(78) ^i(l -/^) +ri(l -A:i) =0, 
and consequently 

(79) ixi = liTi, 

that is, 1/Zi is the radius of the variable sphere. 

When the above values of Xi, n, jui, and h are substituted in (33), we get 

(80) (Ti = Tie-«'+^>(l -A;?). 

Hence for the type of transformations Am now under discussion equations 
(28) are 

— — = e^ rji sinh a , -r— = e^ /Si cosh a , 

-r — = — '/I ( cosh a + h sinh a ) , -;:— = — /3i ( sinh a + h cosh a ) , 
du ov 

(81) 'du ^ ~ ^^ ( tanh « ^ + ^ ) + Mi (cosh a + A sinh a) 

+ mi (Ti e^ sinh a + mi ti e~^ {Jci<l>i + ^1 ) , 
-^ = ^i(^coth«^ + ^j, ^=^i(^tanha^^+^j, 



I coth a-r- + V"" I + Ml (sinh a + « cosh a) 

+ mi (Ti e* cosh a + mi ri e"^ (^1 ^1 + ^1 ) . 



dv =-"'' 
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In consequence of (79) equations (72) are equivalent to 
(82) h = h-e^-, hi = h-e('~. 

Tl Tl 

When these values of h and hi respectively are substituted in the first two of 
equations (55) and analogous equations in functions with the subscript 1, 
we get 



(83) 
and 

(84) 



^=^i(sechag + .^^;), 

-7— = sinh ai ( csch a -r — h ( e^' — e^ ) — I , 
du \ du r\) 

- = — cosh a\ I sech a -r — h ( e — e' ) — ) . 






When the value of e^' from equation (80) is substituted in these equations, 
they are satisfied identically in consequence of the above equations. 

When the expression for ]t\ from (71) is substituted in (83), we get 



d_ 
du 

dv 



(ai + a)=— ( cosh ai + cosh a ) I csch a t e^ \ , 

( ai + a ) = ( sinh ai — sinh a) I sech a ^ e^ — j . 



It is readily shown that these values of ai and ^i satisfy also equations analo- 
gous to the last two of (55). Hence we have 

Theorem 2. If S is a surface of Guichard of the first kind, each set of func- 
tions (Tl, Tl, m, rii, /3i satisfying (81) and (27), where ki, </>i, and xpi are given 
by (74) and (82), determines a transformation Ami from S into a surface of the 
same kind; the functions ai, |i, hi, of Si are given by (73), (80), and (82). 
Hence in addition to the constants mi there are three arbitrary constants of 
integration. 

From (31), (58), (70), (71), (80), and (82), we get 

(85) 

0-l(l - hi) -if-l ,1 N 

Xi = 1 — h — = — (Tl — fJLie ^{1 + ki), 

as the functions determining the transformation of the surface C associated 
with S. 
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7. The associate sueface of Guichard 
In M2, § 10, we found that the transformation Am^ , for which 

(86) ^1 = — Xi = 1 , ^10 = Xo, Xio = ^0) ^01 = — Xoi = 1, 

transforms a surface S into a surface Si corresponding to S with parallelism 
of tangent planes, instead of the surfaces S and Si being the envelope of a 
two-parameter family of spheres. We shall show that if S is a surface of 
Guichard the surface Si so obtained is the associate surface referred to in the 
definition of surfaces of Guichard, as given in the introduction. 
From [111] we have 

(87) Tio=To. 

On the assumption that Si is a surface of Guichard we have from (63) and a 
similar expression for Tio 

(88) hi = h. 

Likewise from (64), (66), and (86) we have 

(89) e^' = (l-F)e-^ 

From the first two of equations (55) and similar equations for Si we have in 
consequence of (88) 

(h + coth ai ) T— = ( A + coth a) -^ , 

(h + tanh ai) ~^ = (h + tanh a) -r- . 
dv dv 

If the expression for e^^ from (89) is substituted in these equations, it is 
found that they are equivalent to 

sinh ai = .^ _ . [ sinh a ( 1 + K^) + 2h cosh a ] , 
(90) 

cosh ai = ,2 _ ^ [ cosh a{\ -\- h^) -\- 2h sinh a ] . 

But these equations and (88) define the associate surface of S, as Calapso 
has shown.* Hence our assumption has been justified and we have 

Theorem 3. A surface of Guichard and its associate are in the relation of 
the parallel transformation Am , that is, the one for which 9i = — Xi = 1 . 

8. Transformations Am with the same circle-planes 

We begin the study now of surfaces fl which admit several transformations 
Am with the same circle-planes. 
* L. c, p. 214. 
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From the expressions (43) of the direction-parameters of the circle-plane 
of a transformation Am it follows that if a second transformation Am of S 
has the same circle-planes as the original transformation, the corresponding 
functions ^2 and r]2 are proportional to ^i and 571 respectively. From equations 
(28) and similar ones for the second transformation of /S, we note that we 
must have 

dJTi, T2) ^ d im, 112) ^ „ 

d (u, v) ' d (u, v) 

Consequently t2 is a function of n , and 1x2 is a function of m . But as ti 
and T2 are solutions of the point equation oi S , T2 is at most a linear function 
of Ti . The same is true of m and m , since they satisfy the tangential equa- 
tion of S . On account of the linear character of equations (28) we have in 
all generality 

(91) T2 = Ti + t', ^2 = Ml + m', m2 = mi + m', 
where r' , n' , and m! are constants. It follows at once from (28) that 

(92) »72 = '7i, i82=j8i. 
From (31) we have also 

(93) 02-$!= ii't-r'. 

This equation is consistent with the equations obtained by replacing the 
quantities in (92) by the expressions (35) and similar ones for 772 and 182 . 

An exception to the preceding results arises in the case when (S is a surface 
of revolution. In this case C coincides with S and p is a function of a single 
variable, say u. Now the point equation is satisfied by any function of u 
and consequently we are not justified in saying that ra is necessarily linear 
in Ti . As a matter to fact it is an easy matter to construct a large number 
of surfaces of revolution in relations of transformations of Ribaucour to the 
given surface, and the meridian planes are the circle planes. Hence we exclude 
from future consideration the case when S is a surface of revolution. It is 
readily shown that this is the only case for which n is a function of m or » 
alone. 

From equations (42) and analogous ones in ri2 and ^2 we get 

($20 — $io)moXo = ?'o(m2X2 — miXi), 
(94) 

(*2o — *io) wio 60 = Tl{m2 62 — mi di) , 

where $20 is given by (23) for i = 2 , j = . In like manner from (37) and 
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analogous equations we have in consequence of (94) 

T 1 fit 

(a2 — Ui) cos w — (62 — bi) sin a = — ;r- (miXi — miXi) -7^ V) 

Too Ao ■\E "^ 

m -I nj 

(a2 — ai) cos w + (62 — 61) sin w = — r- (miXi — m2X2) "7= v- 

Too Ao \0 ov 

From [94] and [15] we have 

-^ = rrii (Xj — p^i ) ^0 ^ mo (Xo — p0o) V^ ( a, cos w — 6j sin w ) , 

(96) 

-T^ = m,- (Xi + pdi) To-p. mo (Xo + p^o) ^{ai cos w + 6i sin w) , 

for i = 1 , 2 . Making use of these equations, we obtain from (94) by differ- 
entiation 

- (*,„ - *,„) = 2(*2o - *io) Yo d^' 

^ tif. if, \ o/^ ;», s mo(Xo + p^o) 3< 

-($30 - $,0) = 2(4.20 - 4.10) jT ^. 

In consequence of (4) these equations are equivalent to 

(97) #20 - *io = hT,, 
where A; is a constant. Hence equations (94) become 

(98) m2 6i — rriidi = km^ 60 , m2 X2 — mi Xi = kmo Xo . 

If mi and m2 are not equal, it follows from (93) and (98) that di is a linear 
function of 60 and t. If mi and m2 are equal, ^o must be a linear function of t . 
Hence we have 

Theorem 4. In order that two transformations Ami ^^'^ ^wa ^^^^ ^^^ same 
circle-planes, it is necessary that di be a linear function of do and t; if mi = m2 , 
^0 must be a linear function of t . 

We postpone the consideration of the latter case to § 20. 

9. When ^1 is linear in 60 and t 
Since di for a transformation Km is determined only to within a constant 
factor, we take in all generality 

(99) 0i = ea + cit + du 

where Ci and di are constants. When this value is substituted in equations 
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(36), we get 

\£j ( cos <o ai — sin « Oi ) = Ki-^ r- , 

ou ou 

(100) 

VG ( cos <o ai + sin CO 6i ) = iZi -:; ;:~ , 

dv av 

where we have put 

(101) Ri = mi'Kiih - t) - ci. 

From the equations 

d\i d6i d\i ddi 

ou du dv dv 

for i = 1 , we have by integration 

(103) Xi =Xo + cir + ei, 

where ei is a constant and r is defined by 

dr dt dr dt 

Differentiating equation (101) and making use of equations (38) for i = 1 , 
we obtain 

(105) f'=-™.(X.-p..)£, f.-„,(X, + p..)|^. 

If the above expressions for ^i and Xi be substituted in these equations, they 
can be integrated with the result 

(106) Ri= -(mi~ + Crt + Et + Dr + F), 
where we have put 

(107) C = miCi, E = viiBi, D = Midi, F = mifi, 

/i being the constant of integration. 

We consider now the second transformation. We put 

(108) 02 = eo + C2t + d2, X2=Xo + Car + 62 
without loss of generality. Hence from (98) and (107) we have 

(109) C = m2 C2, E = m2 62, Z> = m2 (?2, m2 — mi = kmo. 
The equations analogous to (100) are 

\E ( COS <o a2 — Sin CO 02 ) = it2 ^i ::— , 

ou ou 

■4G ( cos CO a2 + sin CO 62 ) = ii2 -:r — "V^ » 

dv dv 



74 L. p. EISENHART: [January 

where 

i?2 = ma X2 ( <2 — — C2 . 

In order that these equations and (100) be consistent with (95), we must 
have 

(110) Ri- Ri= — imi- Mi). 

TUq 

In consequence of this equation, (107), and (109), it follows that in the ex- 
pression for J?2 similar to (106) we must have the same constant F , that is 
we may write 

(111) F = m,f,. 

Again from (95) we have with the aid of (10), (98), and (109) the first two 
of the following: 

m2 — mi m2 — mi ^ 

02 — ffli = flo , 02 — Oi = bo , 

mo mo 

(112) 

m2 — mi 

IV2 — Wi = Wo . 

mo 

The last one follows when we express the condition that the functions Oj and bi 
satisfy the fundamental equations [10] of a transformation K , namely 

~ = — niiCKi — pdi ) VE cos u + biA + Wi D/2 VE cos co , 
-^ = - nii (Xi + pdi) -ylG cos u -biB + w,- D"/2 VG cos co , 



(113) 



-^ = mi (Xi — pdi ) 4E sm 03 — ttiA — Wi D/2 V£ sin <o , 

-T-' = - rrii (Xi + pdi) -^ cos a + ai B + Wi D"/2 VG sin <o , 

diVi 
du 



— ^ ( "' 6, \ 

2 V£ \ cos CO sin <o / ' 

2 VG \ cos CO sin CO / ' 

n14^ A (E d log ^p . „ aco „ /G 

(114) ^=^-^--sm2co-^, B=yl^ 



dm 

dv 



where 



EaiogVp . „ aco „ /GaiogVp . „ du 



' E du dv ' 

We recall from M2, § 6, that a set of functions ai , bi , Wi , Bi , X, , U satisfying 



1916] TKANSFOKMATIONS OF SURFACES fi 75 

(36), (38), (102), (113), and the relation 

(115) 2miei\i- {a\ + h\ + w\) -\- m\\\{ti - tf = 0, 

determine a transformation Km. of surfaces C and a transformation Am of 
surfaces fl . 

10. Transformations Am with Bi linear in ^o and t 

We consider now the transformation for which ^i has the form (99). From 
equations (100) we have, in consequence of (10), 



(116) 



^ ^ To 2 sin CO V ^[E du '^ ^[Q dv ) ' 



When these expressions are substituted in the first four of equations (113) 
f or i = 1 , the resulting equations reduce to the following two : 

-^[mi(Xi-p^i) +^^'(Xo-p^o)] = 0, 
Z?"(M'i+|-^i?i)+(^o)22 

Mmi(Xi + p0i) +^|r-'(Xo + p^o)] = 0, 



(117) 



(^o)ll - ;i„,2 - U! 



p 
where we have put 

^^^0 _ (II. ^ _ (11. ^ 

(118) 

(ft \ _ ^^^0 ,22. ^ .22, ^^0 

the Christoffel symbols {7} being formed with respect to the linear element 
of C; their expressions are given by Mi (108). 

In like manner the last two of equations (113) become 



dwi Ri dwo 

(119) 

dwi _ Ri dwo 

'&V ~ ~Yo'dv^ 



D^(^deo_ deo\ 

mVdu -^ dv J' 



If the first of equations (117) be differentiated with respect to v and the 
second with respect to u, and the derivatives of wi be replaced by their ex- 
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pressions from (119), the resulting equations vanish identically because of 
the Codazzi and Gauss equations* for C. Hence it is only necessary to 
express the condition that the expressions for wi given by (117) shall be equal. 
This is 

pID" (60)11-0(60)22] = D" fmi (Xi - p0i ) + 1^ mo (Xo - p^o )1 
(120) " 

- D\mi(\i + p6i) +Y^mo(\o + p6o) • 
From (101) and (106) we have 



(121) 



miXi(<i -t) = ci- { --mi + Crt + Et + Dr + F] . 
\ Wo / 



It is readily shown that this value of h satisfies equations (38) for i = I. 

It can be shown that if a,-, bt, w,, Xj, 6i, U satisfy equations (36), (38), 
(102), and (113), the left-hand member of equation (115) is constant. As 
we desire a transformation Km, we must show that for the above functions 
this constant is zero. In order to do this we must simplify the expression 
for Wi . 

By definition the differential parameter ^1(60, t) formed with respect to 
the linear element of any surface is given by 



gd6odl_pfd6^dl d6odt\ 

A /o j\ du du \du dv dv du ) 

n.i(6o,t) = ■ : — 



d6om 
dv dv 



EG - F^ 
By differentiation we have 

G^-F- G^-F^ 

^^/\i(6o,t) - ^Q_p^ (60)11 +~j^gzrF^(t)n, 
(122) 

E^-F~ E^-F^ 

3 '^ dv ^w dv du 

where the expressions for (On and (i)22 are analogous to those for (9o)ii 
and (^0)22 given by (118). 
For a surface C , in consequence of (2), we have 

G~i-F~--~ F—-F—-- — 

du dv p du' dv du p dv' 

, , „ . du du 3» 3« 
Ai(^o,0 = ^2 ■ 

* E., p. 155. 
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Moreover, from [43], 

(124) 

(O22 = - ^s— + -TjT (Xo + p^o) . 
■to P^o 

Hence for surfaces C we have from (122) 

pddo_ ddo 

-^2^(^0)11 = ^Ai(eo,0 + Jpf [woD-moCKo- pOo)], 

(125) 

j^ddo _ „deo 

^^(^0)22 =^-Ai(9o,<) + ;gT2r [wo-D"-TOo(Xo + p9o)]. 

With the aid of these results, (117), and [48], namely 

a , D dt a , D"dt 

(126) a^i°g«'o = :ffa^' d^i°g«"'=Ha^' 

equations (119) may be written 



du 



Woiwi + YWoj 



. Or T r -r- 

(127) ^" ^ ^ 



j\^o{w,^-^w,y\ 



ddo „deo 
fo^Ai(eo,0 + Vp '' ^o(Xo + pgo). 

In consequence of (4) and (123) these equations may be integrated in the 
form 

(128) wo(wi + YWoj = moCKoeo + g) - ToAiido.t), 

where jr is a constant. From (110) and_(112) it follows that^ does not change 
in passing from the transformation of S into Si to that of S into S2; the im- 
portance of this remark will be seen later. 
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11. Special surfaces i2 

When the values of ai, bi, Wi, U, as given by (116), (128), and (121) are 
substituted in equation (115) for i = 1 , we get 



\ Wo / 

+ 2I>(riV-Xo) +2E{tN - do) + 2FN + G = 0, 



where 

(130) ^, mo(Xo9o + g) ^ A,eo = A^{eo,9o), 

and 6? is a constant such that 

2CF 2DE (? 

(131) (? = 2miff+ 5. 

^ ^ mi mi m{ 

When equation (129) is differentiated with respect to u and v separately, 
the resulting equations are reducible to* 

+ ^To{N -Ai{6o,t))'\ = 0, 
Wo J 

(1^ - ^i)[(^0)22 + J(CJ2 + 2)ii:2 + £i2 + FM^) 



(132) 

where 
(133) 



+ ^ro(iV-Ai(9o, 0)1 = 0, 
Wo J 



Mf = V - , Ji = MiH - r ± pt, 

J- 

Ki = MiT zk p, Li = Mit - 1, 



with the upper or lower sign according as i is 1 or 2 . We consider now the 
various ways in which (132) can be satisfied. 

If the first terms of (132) are zero, there is a functional relation between 
^0 and t. Since both are solutions of equation (1), this relation must be 
linear. Later (§ 17) we show that when ^o is a linear function of t, these 
terms are not equal to zero. 

We consider next the case 

du du' dv dv' 

(134) (60)22 +-{CJ2 + DK2 + EL2 + FM2) +~ To{N - Ai{eo,t)) =0. 

p Wo 



* It should be noted that D which multiplies the last expression in the first equation is 
one of the fundamental functions for C and not a constant, as the other D is. 
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If the first of (134) be multiplied by mo(Xo — pdo) , it can be integrated, 
in consequence of (4), in the form 

(135) moi\o9o + g) = ToV, 

that is, N is equal to V , which is a function of v alone. 
Accordingly from the first of (134), (104), and (5) we have 

(136) eo = Vt + Vu Xo = Fr + V^, 

where Fi and Vi are functions of v alone. 

On the assumption that these quantities satisfy the second of (5) we get 

F'r + F; = p(F'<+F;), 

where the primes indicate differentiation with respect to v . Since this value 
of r must satisfy equations (104), we must have 

(137) (F'< + F;)V-p = F3, 2^^f^ + p(p)'-(p)' = 0, 
where Vz is a function of v given by 

In order to obtain this expression for Vz, we solved the above equations 
for r and t , getting 

(138) r=y,{^~pVz-r,), i=Y'(^-y'^)' 

and substituted in the equation obtained by differentiating (135) with respect 
to V. 

The remaining conditions to be satisfied are the last of (134) and (6). From 
the former of these we obtain an equation of the form 

where P is a determinate function of F , Vi, V2, their derivatives and A/p , 
but the function is very complicated. However, in any particular case it 
would be possible to see whether it, (136), and (6) are consistent. Accordingly 
in what follows we make exception of the cases where do is of the form (136) 
or with V and Vi replaced by U and Ui , functions of u alone. 

When we equate to zero the second terms of the two equations (132), the 
resulting equations are reducible by means of (128) to (117). Hence, when C 
satisfies (129), the values of ai,hi,w\,ti, as given by (116), (128), and (121), 
determine a transformation Km^ of C . Now mi is a solution of the cubic (131). 
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Moreover, each solution of this cubic determines a transformation of C into 
a surface C,- , and, as follows from § 9 the transformations Am so determined 
have the same circle-planes. 

From (18), (98), (109), and (112) we have 

m2 X2 X2 — mi'KiXi + ( TO2 — mi ) Xo a;o = . 

Hence if Mi, Mi, Mz are the points on the three transforms of M in the 
above special case, it follows that Mi , Mi , M3 are collinear and their line passes 
through Mo . We have seen (§ 8) that if nii and mi are equal, ^0 must be a 
linear function of t . Hence for the present we exclude the case where two of 
the roots of (131) are equal (cf. § 20). This imposes a condition on the 
constants in equation (129), which. will be assumed in what follows. 

We shall say that two surfaces C whose functions satisfy the same equation 
(129) are special surfaces C of the same class. Later (§ 12) it will be shown 
that if C is a special surface, Co is a special surface of the same class. Hence 
we speak of S as a special surface il of the class determined by the constants 
C , D , E, F ,G , and g . Each of the three surfaces C, determines a transform 
Si of S. We speak of these particular surfaces Ci and Si as the comple- 
mentary transforms of C and S respectively. The preceding results may be 
stated in 

Theoeem 5. If C is a special surface satisfying (129) in which the con- 
stants C , D, E, F , 0, g are such that the roots of (131) are real and distinct, 
and do is not a linear function of t with coefficients which are functions of the same 
single variable or constants, there can be found directly three transforms of C such 
that corresponding points on these surfaces are collinear. These three surfaces Ci 
determine three transformations Am^ of the surface S , associated with C and Co , 
such that the circle-planes of the three transformations coincide. 

The investigations of the last two sections enable us to state the following 
theorem which is fundamental in what follows: 

Theoeem 6. When a surface C admits a transformation Km into another 
surface Ci , such that the function di is linear in t and do with constant coefficients, 
the surface C is a special surface, and Ci is a complementary transform of C . 

12. COMPLEMENTAEY TEANSFOEMATIONS OF SPECIAL SXJEFACES i2 

Having thus established the existence of special surfaces and transforma- 
tions of them for which di is a linear function of t and ^o , we consider in this 
section the surfaces S,- resulting from these transformations. 

From (116) and (128) we get 

*io = S «i «o = — Ri To + mo{\o 60 + g) . 
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Hence from (25), (31), (33), and (35) follow, in consequence of (99) and (101), 
fjii = ci + N, Ti = Nt — do — di, Ti<Ti = fxi hXi^i, 

mi 

(139) 



Equation [93] is reducible to 

moXo(ei -^oi) = Toicx + N) = foMi- 

Hence in consequence of the identities (16), we have 

T T 

Xi ^10 = — Xo ^1 + ~Mi) ^iXio = — ^oXi + -—Ml, 
mo mo 

which are reducible to 

T 

Xi ^10 = - Xo(ci< + di) +— -ci + g, 

THo 

(140) ^^ 

^iXio = - doicir + e.i) +-~ci + g. 

TiIq 



It is readily shown that these functions satisfy equations for Si analogous to 
(5), namely 

5Xio _ ^ Xi ^^10 3Xio Xi 3^10 

^ ' du " pel du ' dv' ~ pel dv ' 



If 5, ' and Xi ' denote the functions by means of which we pass from Si 
to S , and if we show that 

ef = ^10 + c[ti + d'i, 

then we shall have shown that Si also is a special surface . 

We recall from M2, § 1, that the fundamental equations of a transformation 
jSl of a surface C are 

^(Xixi) = -p^cr^-ei^j, 
(142) 

^(Xia.i)=p(^x^-ei^j. 

For the inverse transformation from Ci to C the analogous equations are 
^ .^ 1 s ^1 /" ^^r' ^,^a;i\ 



^(x-.)=^(.i-^-^rVJ 
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dn 


X? dh 


dn 


\\ dh 


du 


pel du ' 


dv 


~ pel dv 
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From these equations it is readily found that 

(143) ^^'=t' ^''^k' 

where k denotes an arbitrary constant. 

When this value and the expressions for ^lo and h from (140) and (121) 
respectively are substituted in the above equation, we find that it vanishes 
identically, if we take 

CF DE C^ 

(144) C] = Ci, di = di, K = g — —2 -\ 2" + ~3- 

^ ^ ^ mi mi mi 

Hence Si is a special surface fl . It remains to show that it is of the same 
class as S . 

We introduce for the surface Ci a function ri analogous to r for C . From 
(104) and (141) it follows that 

(145) 

As thus defined, ri is determined only to within an additive constant. But 
it is readily shown that this constant may be so chosen that we have 

(146) eiin-r) =\iih-t). 

Since the functions X7' and ^7' must satisfy equations (141), as well as Xio 
and ^10 , we have 

(147) er^ = ^10 + cih + di, Xr' = Xio + ciri + ei, 

in consequence of (144) and (146). 

From these results it follows that the equation analogous to (121) is 

miXr' (t-h) =ci-( "^^^^ + Cn h + Eh + Dn + F'\ . 
\ tno J 

In consequence of (21), (16), (121), (140), (146), and (147) it follows that 

If the constant g is the same for Si as for /S, the function ;ur' of the trans- 
formation from /Si to /S must be 

mF' = Ci + •=- (Xio ^10 + ff ) , 
■t 10 

as follows from (130) and (139). If /x?' he replaced by its expression from 
(53), it is readily found that the preceding equation is true, when we take 
c = K, as given by (144). _ _ 

Since m\ is the constant of the transformation from /Si to S, from (131) 
it follows that G has the same value for /Si as for /S . Hence we have 
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Theorem 7. The complementary transforms of a special surface fl are special 
surfaces of the same class. 

We consider now the four surfaces C, Co, Ci, Cio which are associated 
with a pair of complementary surfaces S and Si. The functions do^ and 
XS^\ by means of which C is obtained from Co, are given by equations similar 
to (143), namely 

60 = Ko/Xo, Xo^ = ko/6q, 

where kq is a constant. From (140) and (16) we have 

Ooi = Cit + di — —-z- Ci — r- . 
mo Ao Ao 

In consequence of [67], namely 

(148) fo = moXo(f -<o), 
it follows that if we take kq = — g , we have 

(149) 601 = 60' +cito + di. 

On the assumption that ro is chosen so that a relation similar to (146) holds, 
we find from (16) and (149) 

(150) Xoi =X„-' +Ciro + ei. 

For a quatern (cf. Ma , § 7) of surfaces C the functions t satisfy an equation 
similar to (17), namely 

(^lolj Ai'y 6i tij = u-ij \i t — Aj uj ti -p Ay 6i tj . 

Also from (148) and an analogous equation we have 

n' = moX^' {to - = - Xir' 7'oAo. 

With the aid of these equations it is readily shown that an equation analogous 
to (121), namely 



(152) 



mi Xoi (<io — to) = ci — ( — ^ mi + Cro to + Eto + Dvo + F], 

\ mo / 



is satisfied. 

In accordance with the general theory of the permutability of transforma- 
tions Km, the constant m has the same value for the transformations from 
C into Ci and Co into Cio ■ Hence all three constants m are the same for com- 
plementary transforms of Co as of C. In view of the above results g and G 
accordingly have the same values for Co as for C. Hence we have: 

Theorem 8. When C is a special surface, the conjugate surface Co, which 
with C determines a special surface Q , is of the same class as C; if Ci is a comple- 
mentary transform of C , and Cio is the fourth surface of the quatern, then Cio 
is a special surface of the same class as C and is a complementary transform of Co • 
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13. General transformations of special surfaces 

In this section we apply the results of the theorem of permutability of 
transformations Am of surfaces i2 [§ 9] to show that if S and Si are comple- 
mentary surfaces fl, it is possible to find surfaces S^ such that S2 and the 
surface Sn are complementary surfaces, where Su is the surface forming 
with S , Si, and S2 a quatern of surfaces i2 . 

The function 621 determining the transformation from S2 to Sn is given 
by [104], namely 

X2 ^21 ( m2 — mi ) = m2 X2 ^1 + mi Xi $2 — $12 
(153) 

+ mi m2 Xi X2 ( <i — t)(t2 — • 

From the general theory of transformations Am we know that on the normal 
to S2 there are two points M2 and M20 which describe a surface C2 and a conju- 
gate surface C20, and that the four surfaces C, Co, C2, C20 form a quatern. 
From [93] we have that the function 620, determining the transformation 
from C2 to C20 , is given by 

(154) X2e2o = -Xoe2+ — m2X2(<2 -0 +— . 

mo mo 

When these expressions are substituted in 

(155) ^21 = ^20+ Ci<2+<^1, 

we get 

{Cr + E + m2-Ko)e2 + {Ct2-\- D -^ m2do)\2 -^12+ "^' ~ ^' $20 

mo 
(156) 



- m2X2(<2 - t){crt-^Dr + Et ^t F ■\- m2—] = 0. 
\ mo/ 



If the left-hand member of this equation be differentiated with respect to u 
and 1} separately, and it be required merely that 62 satisfy equations analogous 
to (36), the resulting equations vanish identically. Hence for all transforma- 
tions Am^ of S the left-hand member is a constant. Consequently of the 00 •■ 
transformations Am^ of S into S2, a**^^ are such that (155) is satisfied, and 
therefore, by Theorem 6, Sn is a complementary transform of S2 ■ Hence 
S2 and S12 are special surfaces. 

By methods analogous to those followed in the preceding section it can be 
shown that 

X21 = X20 + Ci r2 + ei, 

miX2i (<2i -t2) = ci- (T20—+ Cr2 ti + Et2 + Dr2 + F) . 

\ mo / 

Analogously to (30) the function 1x21 of the transformation from S2 to /S12 
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is of the form 

'ntp [ X21 ( 621 )o + Xao ^21 ] 
M21 = m , 

-'20 

where (^21)0 is the function determining the conjugate (C2i)o of C21 such that 

C2, C20, C21, (C2i)o form a quatern. From equations analogous to [84] we 

have 

(157) ( ^21 )o ^21 62 = — 620 X2 61 + 621 X2 ^0 + ^10 Xi O2 ■ 

By means of these results we find that 

mo ( ^20 X20 + fif ) 



M21 = Ci + 

■t 20 

As the transformation constant from C2 to Cn is mi, it follows that 6? is the 
same as for C. Hence: 

Theorem 9. If S is a special surface Q and Si is a complementary transform, 
and S2 is obtained from S by a transformation Am^ whose functions satisfy (156), 
S2 is a special surface of the same class, and Su , which is the fourth surface of 
the quatern determined by S , Si, and S2 , is a complementary transform of S2 ■ 

If in the expression for $12 , as given by (23), we replace ai,bi,wi, by their 
values from (116) and (128), then in consequence of (123), and equations 
analogous to (121), (42'), and (25), the equation (156) is reducible to 

(Cr + E + m2Xo)e2 + (Ct + D + m2 60)^2 

, rf ^^0 ^ deo\ ,^r*2o rf dt ^ dt\l 

(158) +^(''^a^+^^a^)-^Ln+^H''^^ + ^^a-JJ 

- M2 f Crt + -E< + Z)r + F +'^") = 0. 
\ ffio / 

From the preceding considerations we know that the left-hand member of 
this equation equated to a constant is a first integral of equations (28). 

Since wii does not appear in equation (158), it follows that m2 can take on 
the value mi as well as all other values. Hence we have 

Theorem 10. When a special surface S is subjected to a transformation Am 
whose functions satisfy equation (158), the new surface is a special surface of 
the same class. 

If C, d, Cj, Cij form a quatern under general transformations K, the 
transformation function 0„ is given by [72], namely 



(159) 

dv 
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When di is of the form (99), and 02 is any other solution of equation (1), it is 
readily found that the expression (155) for ^21 satisfies these equations for 
i = 2, j = 1 , ii 020 satisfies them for i = 2, j = 0. Hence if C and Ci are 
complementary surfaces and C2 is any transform of C, one of the infinity of 
surfaces S' , which with C , C\, d forms a quatern under general transforma- 
tions K, is determined by the value (155) of ^21- But one, and only one, of 
the surfaces S' is a surface C (cf. [§9]), say C12, in the relation of trans- 
formations K'm, and K'^^ with Ci and C2 respectively. Moreover, we have 
seen that if the transformation Km^ from C to d satisfies (156), the function 
021 determining K'^^ is of the form (155). Hence we have 

Theorem 11. If C and Ci are complementary surfaces for which di = 0o 
+ Cit + di and C2 is any transform of C , the surface arising from C2 by the 
transformation K determined by (155) is a surface C , if and only if (156) is 
satisfied; in this case it is complementary to C2 ■ 

14. Theorem of permutability of general transformations of special 

SURFACES fi 

Let C2 and d be two surfaces obtained from a special surface C by trans- 
formations Km^ and Km^ which satisfy equations of the form (156), and let 
C23 be the unique surface C which with C, C2, and C3 forms a quatern of 
surfaces C. Let Ci be the surface complementary to C determined by the 
constant mi, and let C12 and C13 be the surfaces complementary to C2 and 
C3 in accordance with Theorem 11. 

The functions ^21, ^23, ^31, determining the transformations of C2 into 
C12 and C23 and Cz into Cu , are given by equations analogous to (153), namely 

X,- 0ij ( wij — mj) = mi Xi 6j + my Xy ^, — $«• / ,• _ o q x 

(160) (li q ,±J- 

+ mimj\i-Kj(ti-t)itj-t) ^J-^'^' *+^^ 

Also in accordance with (155) 

(161) 0ii = dio + ci ti + di (i= 2, 3) . 
From (23) and (18) it follows that 

(162) <l>y = mi myXiXy '^ (xi — x) (xj — x) . 
Hence equation (156) may be written 

(Cr + E + mi'Ko) 02 + (Ct + D + m2 0a)'K2 

— mi m2 Xi X2 2^ ( xi — x) {x2 — x) 

+ (mi — m2 ) m2 Xo X2 X) ( ^0 — x) (x2 — x) 

- m2X2(<2 - t)(crt + Dr + Et + F +'"^^^^-^) = 0. 

\ mo J 
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We desire to show that the transformation from Ci to C23 satisfies a similar 
condition, namely 

{Cn + E ->r m3X2o)^23 + (C<23 + i> + mz ^2o)X23 

- mi 7713X21X23 X (^12 - ^2) (2^23 — Xi) 

+ (mi - m3)m3X2oX23S (^20 — ^i) {x^ — x^) 

— m3 X23 {tn — h)\ Cr2 U + Dr^ + Eh + F -\- mz-^] = . 
From equations (16) and (17) we have 

(163) X2t 62 (X2i — X2) = — (X» 02 + 62i'K2) iX2 — X) + Xi 62 (Xi ~ x) , 

and similar equations in y , z, and t . 

In consequence of the expression for T20 analogous to (21), and of equations 
(16) and (163), the above equation multiplied by $1 is reducible to 

[CdiT + C\2(t2 - t) + Edi + mz (X2 ^20 - X2 So + Xo ^2) ] ^23 02 

+ [R(x2 — x) — (0:3 — a;)X3 ^2 1^3 { miXi ^2(2:1 — a;) 
+ (?n3 — mi)Xo ^2(3:0 — x) 

- (x2-x)[m3 (X2 ^20 + Xo ^2) + ( Cr + j5) 02 + CX2 ^2 + ^X2] } 
+ iCt2 + D + m3e2o)e2iR -^263) 

+ m3[Rit2 -t) - {h - t)'K3 62] { (Cti + D) (02 r + ^2 12 - X2 
C0 

+ {Et2 +F)02 ^+m3(Xo02+X2 6/2o)(«2 - t) 

- mi'Ko02ito -0) = 0, 
where we have put 

R = 023 X2 + X3 ^2 • 

We replace the quantities ^ {xi — x) {xj — x) , iov i = \ , 2 , 2>; j = 1 , 2 , ^■, 
i^ j, by their values from (162) and then $,7 by their values from (160). 
In like manner we replace ^^{xi — x) {x^ — x) for i = 2 , 3 by their values 
from (160) and then $io by expressions analogous to (154). Again analogously 
to [63], [64] we have 

10 

E(^2-a:)2 = --f-+(<2-0^ 
Tn,2 A2 

When these substitutions are made, we find that the equation is identically 
satisfied, in consequence of (99), (103), and (121). Hence the relation between 
C2 and C23 is similar to that of C and C2 . It is evident that the same is true 
of the transformation from C3 into C23 . 
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From the generalized theorem of permutability of transformations K [§ 7] 
it follows that there exists a unique surface S' which is in the relation of 
transformations K with C23 , C13 , and C12 . However, as yet we do not know 
that S' is a surface C; but presently this will be seen to be the case. 

Now we shall show that d'a , the function determining the transformation 
from C23 to S' , is given by 

(164) ^;3 = (^23)0+Ci<23 + (^l, 

where <23 is the complementary function of C23, and (^23)0, given by an equa- 
tion analogous to (157), is the function determining a conjugate surface to C23 . 
From equations analogous to [84] we have 

023 X23 62 = — 021 X2 ^3 4" ^23 X2 ^1 4" ^31 X3 02 • 

Substituting this expression and the expressions for ( ^23 )o and <23 from equa- 
tions of the form (157) and (163), we find that in consequence of (161) equation 

(164) is satisfied identically. Hence for the quatern C2, C12, C23, S' , the 
conditions of Theorem 11 are satisfied. Consequently S' is a surface C, 
complementary to C23 and we have 

Theoeem 12. If S is a special surface Q and Si and S2 are two special 
surfaces obtained by means of transformations Am^ and Am^ satisfying conditions 
of the form (158), the fourth surface of the quatern, determined by S , Si, S2 in 
accordance with the theorem of permutability of transformations Am. , is a special 
surface of the same class. 

15. Parallel transformation of special surfaces 

Let S be a special surface and Si one of its complementary transforms. 
Also let S2 be the parallel transform of S , as discussed in [§ 10]. In accordance 
with this theory there exists a fourth surface S12 such that Si and S12 are in 
the relation of a parallel transformation. We desire to show that S2 and Sn 
are complementary transforms of one another and hence special surfaces Q . 

In analogy with (86) the transformation functions from S to S2 are given by 

(165) ^2 = ~ X2 = 1 ) ^20 = Xo> ^20 = 0o> ^02 = ~ Xo2 = 1. 

The four surfaces C , Co, C2, and C20 , which are the basis of the transformation 
from S to S2 form a quatern such that C and C2 , and Co and C20 are pairs of 
associate surfaces. In a similar manner for the quatern C, Ci, C2, C12, 
Ci and C12 are associate surfaces, as follows from [§ 10]. Hence we have 

(166) 621 = Xi, X21 = 61, ^12 = — X12 = 1 . 
Now from (38) and an equation analogous to (146) we have 

(167) <2 = r, r2 = t. 
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Hence from the foregoing equations 

(168) 021 = 620 + citi + ei, X21 = X20 + ciTi + di, 

that is, the surfaces C2 and C12 are complementary transforms of one another, 
and likewise S2 and Su . However we notice that the constants ei and di 
are interchanged. 

By methods analogous to those followed in § 13 it can be shown that the 
constants F , g , and G are the same for S and S2 ■ Hence we have 

Theorem 13. When a special surface fi whose constants are C, D, E, 
F, 0, g is subjected to the parallel transformation, the resulting surface is a 
special surface whose constants are C , E , D , F , G , g . 

16. Special isothermic surfaces 

We apply the preceding results to the determination and transformation of 
special isothermic surfaces.* 

In this case the lines of curvature being the conjugate system with equal 
point invariants, we have 

E = G = e^*, F = 0, 0) = 45°, p = e-^* , Hp = 1, 

(j) being thus defined. Since t is zero, we take r = in conformity with (104), 
and have from (10) and (4), 

t = r = 0, ao = bo = 0, wo = To = const. = 2mo, 

the constant nio being thus determined. 
From [114] we have 

,. = ^.(i.i), x.-(l+i). 

\ Pi Pi J \ Pi Pi J 

As it is desired that Ci shall be isothermic, it follows from (121) that we must 
have 

Cl 



If we put 



— = 2+/1. 



A = F, B = G+^^ + Fg + W, 



equation (129) becomes 



,.^{^')' 



(169) Ai9o + [~ ) + AKo ^o - 2Z>Xo - 2Eeo + 5 = 0, 



* The results which we obtain thus briefly are due to Darboux, Annales de I'Ecole 
Normale Sup6rieure, ser. 3, vol. 16 (1899), and Bianchi, Annali dl mate- 
ma t i a , ser. 3, vol. 11 (1905), pp. 93-158. 
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and equation (131) reduces to 

(170) mi{2mi + Ay - Bmi-2DE = 0. 

From (5) it follows that if ^o and Xo are of the form (136) for an isothermic 
surface, then p is a function of v alone and S is a surface of revolution, which 
we have excluded from the discussion. Accordingly an isothermic surface 
other than a surface of revolution which satisfies the condition (169) is 
called a special isothermic surface of class {A , B , D , E) . 

From (139) it follows that the transformation functions leading to a comple- 
mentary transform of S are 

r7i = e*-^, /3i=-e*-^, ^i = Wi = |Xo ^o + ^ + 2mi, 

D E 

Ti = — 01 = — do — ~ , (Ti = — Xl = — Xo — — - . 

mi mi 

In order that this value of Wi shall be equal to that given by (128), we must 
have g = 0. 

The results of §§ 11 and 12 when applied to this case enable us to state 

Theobem 14. A special isothermic surface, whose constants are such that 
the roots of equation (170) are real and distinct, admits three complementary 
surfaces which are isothermic surfaces of the same class; and the circle-planes of 
the three transformations coincide. 

From § 13 we have _ 

Theobem 15. When S is a special isothermic surface, the equations of a 
transformation Dm of this surface into an isothermic surface admit the first integral 

^*(''^l^"^i^) ~ (^"^0 + ^)^1- {meo + D)\i 

+ fMi{A + 2m + ^ do\o) = const. 

When this constant is zero, the resulting surface is a special isothermic surface 
of the same class as S . 

From equation (163) for the t's, it follows that if S , Si , 1S2 are isothermic 
surfaces so also is S12 . Hence^ _ 

Theorem 16. 7/ Si and S2 are two special isothermic transforms of S, 
there exists a fourth special isothermic surface of the same class which is a trans- 
form of iSi and S2 ■ 

For the present case Theorem 13 becomes 

Theorem 17. The parallel transform of a special isothermic stirface of class 
(A, B , D , E) is a special surface of class {A, B , E , D) . 
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17. When ^o is linear in t 

We consider throughout the remainder of this memoir the case where ^o 
is Unear in t with constant coefficients. It follows at once from (5) and (104) 
that Xo is linear in r . Thus we put 

(171) do = Cot + do, Xo = Cor + eo. 
From (4) we have by integration 

(172) To = "^ ido\o + go) , 

Co 

where go is a constant of integration. 

In consequence of (10) we have from (116) and (128) 

ai = ifT {co — Ri) , bi = -^ {co — Ri) , 
(173) 

w.=^\co-R.)+'^^^^^^^. 

10 Wo 

It follows from (113) that if g and go in (173) were equal the surfaces Co and Ci 
would coincide, which evidently is contrary to hypothesis. If we put 

(174) h = moig - go), 

it follows from the preceding considerations that h does not vary in passing 
to the various transforms of C . 

In considering equations (132) we excluded the case where ^o is of the form 
(171). Referring to (130) and (172), we see that the first two expressions in 
(132) vanish only when g and go are equal, which we have seen to be impossible. 
Hence when ^o is of the form (171), the vanishing of the second terms of (132) 
are a consequence of (129) which reduces to 



»M(0-(r:y]- 



(175) 

+ 2To{Crt + Et + Dr + F + co) +jn = 0, 
where j is the constant given by 

(176) hj = 2-{doeo-\- go) - 2Deo - 2Edo + 2Fco + G + cl. 

Co 

If we put 

2C + jmo Co = — hm'o c'u, 2D + jm-o do = — hm'o d'o , 

(177) 2E + jnio eo = — hm'o e'^ , 

2(F + Co) +i— {eodo + go) = - h -4 {e'od'o + g'o) , 

Co Co 



92 L. p. eisenhart: [January 

equation (175) is reducible to 

(178) p[(^J + (|^y]+l = To~r[{c',t + d',){c,r + e',)+g,]. 

Suppose now that we have a surface C satisfying the equations of condition 
in § 1, with ^0 and Xo of the form (171), and also equation (178). By means of 
(176) and (177) we can transform the equation (178) to the form (175). Thus 
from the five arbitrary constants m'f,, c'^, d'^,, e'^, g'„ we pass to seven, namely 
C , D , E , F , G , L, and j . Evidently then in all generality h and j can be 
given fixed values, so long as we take A =)= . The resulting equations assume 
a simple form, if we take j = and h = — 2. Now equation (175) becomes 



<™) '{m-m 



+ I = T,{Crt ^- Et + Dr + F + co), 



and the constants G and g which appear in equation (131) are given by 

C 
G = 2Deo + 2Edo - 2Fco - cl + 2 - (doCo + go) , 

Co 

(180) 

We recall that every surface C has in general two conjugate surfaces, Co 
and C'f,. From [56] we have that the functions a,, b'g, w'^ determining C'o 
are given by 

,-101 \ ' ^0 i' ^0 ' 1 T,' I'o 

(181) a„ = ^, 6„ = -,, «'o=--, T,=-,. 

Since the left-hand member of (179) is equal to H^ p^, it follows from (10) 
that this equation may be written 

(182) -i= Crt + Et + Dr + F + co. 

Wq 

In consequence of (106), (181), and (182) equations (173) may be written 

(183) ai = ao -\ ao , Oi = Oo H Oo , Wi = Wo -\ Wo • 

mo trio • tft.0 

Expressing the condition that these expressions shall satisfy equations (113), 
when ao, bo, Wo and a'o, b'o, w'o satisfy it, we get 

mi 61 = modo + m'o d'o , 
(184) 

mi Xi = mo Xo + mo Xo . 

Equations (183) show that each circle-plane of the complementary trans- 
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formations of C is the plane of the corresponding points M , Mo , M'a onC , Co, 
C'n respectively, and Mi lies on the line Mo M'a . 

From equations (184), (171), (99), and (103) it follows that $'„ and \'„ are 
linear functions of t and r respectively. 

Conversely, we shall show that when ^o and d'o are linear functions of t, 
the surface C is a special surface. If we take 

K = <^'ot + d'o, Xo = Co r + gp , 
the function T'^ is given by an equation analogous to (172), namely 

in 

(185) To = -f (e'X + g:) . 

Co 

From (181) and (10) we have 

(186) H^p''=ToK, 

which is the same as (178) in consequence of (185). Hence we have 

Theorem 18. When do and d'o for a surface C are linear in t with constant 
coefficients, C admits three complementary transforms, in general distinct, whose 
circle-planes are the planes determined hy corresponding points on C , Co, and 
Coj moreover, this is the only type of special surface C with do linear in t. 

We propose to show that the functions Sio and Xio of a complementary 
transform are linear in ti and ri respectively. 
We put 

(187) 610= ico + c')ti + ido + d'), Xio = (co + c')ri + (eo + e'). 

If these equations be multiplied by mi Xi and mi ^i respectively and the 
expressions for miXi^io, mi^i^i, miXi<i, and mi ^i ri from (140), (121), 
and (146) be substituted, the resulting equations vanish identically if 

{D + mido)c' = (C + miCo)d' , 

^—(eodo + go) + F - ci]c' = {E + mieo)d' 

+ \^HG + cl) +coCi-2mi(^go-^J^, 

(E + mieo)c' = ( C + mi cq ) e' , 

r^(eodo + ?o) +i^-cijc' = {D + mido)e' 

+ \HG + cI) +CoCi- 2miUo -— ) ]• 

As these four equations in c', d' , e' are consistent, we can find their values 
such that (187) shall be satisfied. Hence we have 



2 

in = Ci + Co — liT , 


2t domi + D 
^'~ ~ To mi 


2Vp a< 

"'- ~ To &u' 


2^lp^t 
^'- Todv' 
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Theobem 19. When do for a special surface C is a linear function of t , 
the function ^lo of each of the complementary transforms of C is linear in ti . 
From (130), (172), and (180) we have 

(188) iV = Co - ^ . 

■to 

Hence the transformation functions of complementary transforms, namely 
(139), are reducible now to 



(189) 



mi Ti 0-1 = jui ( i?i + Ci ) + mi Xi di . 

18. Special surfaces of Guichabd 

In this section we apply the results of the preceding section to establish 
the existence of special surfaces of Guichard and to show that they admit 
transformations. * 

When we compare equations (58) and (64), we note that for every surface 
of Guichard ^o and Xo are of the form (171) where 

'» = -2;;ro' ^^0 = ^0 = 0. 

Again comparing (63) and (172), we see that 

1 

^o- "4r«r 

In consequence of (58), (61), and (63), equations (189) become 
Ml = 2(^1 -mi), Ti= -2{e^ + yi), 

rji = — 2 csch a -r- , 3i = — 2 sech a -tt , 
(190) du '^ dx 

mxTxTx = 2Z)(A2 - l)e-^ + 2e*J5 + 2A(ci - F - C) 

+ r(mi + l) — + 2mi(F-ci)+2)ei-2(7l, 
L mo J 



* The results here obtained were established at length by the author in a previous memoir, 
cf. Annali di matematica, ser. 3, vol. 22 (1914), pp. 191-248. 
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where mi is the constant given by 

(191) ^, = i_i(^_^-l-) = l_x(ci+c„). 

If the last of (190) be differentiated with respect to u , the resulting equation 
is reducible by means of (81) to 

wii Ti e~^ ( A;i 01 + ^1 ) + mi <ti e^ sinh a + Ee^ sinh a 

+ e-^ Z) [ 2A (cosh a-\-h sinh a) -\- {I - h^) sinh a] 

-{■ {ci- F - C) (cosh a-\-h sinh a) = 0, 

where now h\, as defined by (82), is given by 

Ml + 2e^ mi 
*'= (ii + 2e^' • 

The consistency of this equation with equations (190) necessitates the relation 

(192) ci - F - C = 4mi mi , 
under which condition the last of (190) reduces to 

mi Ti <ri = 2Z) ( ^2 _ 1 ) g-f _i_ 2e^ E + 8Ami mi 
(193) 

+ {Dei- (1 +mn4mi). 



When these values are substituted in (27), we obtain 



(194) 

+ A^ + Z) ( 1 - W)e-^ - Ee^ -\- 2Bh + H = , 
where 

(195) S = - (2mi + l)mi, ^ = 2mi + mf (1 + 2mi) - | Z)ei. 

On the other hand equation (179) reduces to (194) where now 

(196) ^ = 1 - C - F - Co = 2C - 1 + 2mi (2mi + 1 ) . 
Equating these two expressions for H , we have 

(197) 2C + |Z>ei = (1 +2mi)(mi - 1)^ 
For the present case we have from (180) 

G = 2Cco - 2Fco - d, g = - cl + 4co, 
and the cubic (131) becomes 

2Fco + c5 - 2Cco + 2mi (4co - c2) + -^ - -^^ - -2 = 0. 

mi mi mi 
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In consequence of (191) and (192) this equation is equivalent to (197). With 
the aid of (195) it can be shown to be equivalent also to 

(198) {H - 2mi)2mi(2mi + 1) - B''2mi + Z)^(2mi + 1) = 0, 

which is the equation found in the above-mentioned memoir. 
When the above values of the constants are substituted in the expression 



hiG -\- d) + CoCi - 2mA gf> ) , 



it vanishes identically. Hence the quantities c' , d' , e' in (187) are equal to 
zero, and we have 

(199) 010 = Coti-\- do, Xio = Co ri + eo . 

As the functions Mi> »?i> /3i, ti, <ri, given by (190) and (193), satisfy equa- 
tions (81), we have 

Theorem 20. When a surface of Guichard satisfies the condition (194), 
in which the four constants B , D , E , and H are such that the roots of equation 
(198) are real and distinct, the surface admits three complementary transforms 
which also satisfy (194). 

The latter part of this theorem follows from the fact that the transforms 
are surfaces of Guichard, and from the general results of § 12, since H , as 
given by (196), depends only on C and F , and B , as follows from (195) and 
(196), is equal to 

(200) £ = i(3C + /' + Co-2). 

When a surface of Guichard satisfies (194) we say that it is a special surface 
of class iB,D, E,F). 

Since Co = — | mo and c?o = , it follows from (64) that 

(201) r = - (1 + h)e-^. 

When <S is a special surface of Guichard and Si is a surface of Guichard 
which is a transform of S in accordance with §§ 5 and 6, then in consequence 
of the formulas in these sections and the present one, equation (158) is re- 
ducible to 



(202) 



cscha|i,, + secha|/3,-(| + m,e^)(cr,+^) 

+ ral m2(l - F)e-^ +- 1 - ix^lB + h{l +2m2)] = 0. 



Hence for all transformations from a special surface of Guichard into a surface 
of Guichard the left-hand member of this equation is constant. Applying 
Theorem 10 to this case, we have 
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Theorem 21. When a special surface of Guichard undergoes a transformation 
Am for which the functions satisfy (202), the resulting surface is a special surface 
of Guichard of the same class. 

li S , Si, and S2 are three surfaces of Guichard of which »Si and <S2 are trans- 
forms of S , the fourth surface of the quatern, determined in accordance with 
the general theorem of permutability of transformations Am is a surface of 
Guichard. We shall not go through the details of establishing this here.* 
Hence in view of Theorem 12 we have 

Theorem 22. 7/ »Si and S2 are two transforms of a special surface of Guichard 
S satisfying (202), the fourth surface of the quatern is a special surface of the 
same class. 

Combining Theorems 3 and 13, we have 

Theorem 23. The parallel transform of a special surface of Guichard of 
class {B , D , E , H) is a special surface of class (B , E , D , H) . 

19. Envelope of the circle-planes of a complementary transformation 

We consider now the envelope of the circle-planes of a complementary 
transformation of a special surface. 

With the aid of (34), (41), and (139) the expressions for the functions p, u, 
and i/-, as given by (47), (50'), and (51), are reducible to 

P = T' 



(203) 



0,= ^doiDr + F-Ci) - ((7< + Z))(^^-XoA]J, 

V = doiCr + E) -\o(Ct + D). 

We recall that the linear element of the envelope So is 

dsl = du^ + 2dpd\l/ . 
Hence, if we put 

(204) 0} = X, p = -y + iz, 2xP = - (y + iz) , 

the surface whose coordinates x, y , z, are given by (204) is applicable to So . 
When in particular S is a special isothermic surface, the expressions (203) 
are reducible in consequence of the results to § 16, to 

p = ~, w = -^ (mi^o -I- D), 
^ =. ^' "+ (Xo(fi -2ci), v = doE-\oD. 



* Cf . A n n a 1 i , 1. c, p. 213. 
Trans. Am. Matb. Soc. 7 
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Substituting these values in (204) and eliminating 60 and Xo , we get 

(y + iz)[x - 2mi{y - iz)] = 2x[i2C + di E) (y - iz) - Cix -\- di]. 

Hence So is applicable to a quadric, as Darboux has shown.* 

When iS is a special surface of Guichard, in consequence of the results of 
§ 18, the expressions (203) are reducible to 

e^ 2mi mi e^ + Dh 

P^Yv' "=- V ' 



= _[mi(l -mi)e^ + ^(l -A)]- 



e-«(l + h) +2(1 +mi) 



V 

These are equivalent to the expressions f or p , « and ^ which we have found 
previously, and from which we showed that tSo is applicable to a quadricf 

20. The Case mi = m2 

In this closing section we consider the case where two transformations Am , 
with the same values of the constant m , have the same circle-planes. From 
(93) and (98) it follows that in this case ^o and Xo are of the form (171). 

If we put mi = m2 = m , equations (98) may be replaced by 

(205) e, = e,+''^eo, X2 = Xi+'^"Xo. 

From these equations, (95) and (10) we have the first two of the equations 

(206) a2 = ai + kuo , &2 = ti + k6o , W2 = Wi + kw^ , 

the last being a consequence of the fact that a^ and 62 as thus given must 
satisfy equations (113) for i = 2 , when ai and hi satisfy these for i = \ . 

When we express the condition that 62 and ^1 shall satisfy equations of the 
form (36), the resulting equations are reducible in consequence of (10) and 
(171) to the single one 



(207) 


mX2 h = mXi h — kmo dor + k 


Bo, 


where 


Co go eodo 
JDo — — — 

m Co Co 





It is readily shown that this value of <2 satisfies equations (38) for i = 2 on 
the assumption that h satisfies them for i = 1 . 

* L. c; cf. also Bianchi, 1. c, p. 139. 
t Ann al i , 1. c, p. 241. 
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The remaining condition to be satisfied in order that the transform of C 
by a^, 62, W2, ^2, ^2 shall be a surface C is equation (115) for i = 2. This 
necessitates the relation 

If the left-hand member of this equation be differentiated with respect to 
u and V separately, the resulting equations vanish identically in consequence 
of (36) and (96). Hence for any transformation Km of a surface C satisfying 
(171) the left-hand member of (208) is a constant. If this constant is different 
from zero, a constant k can be found so that (208) holds, and then (205) and 
(206) define a second transformation such that for the two transformations 
the circle-planes coincide. Accordingly we have 

Theorem 24. When the function do of a surface S is linear in t , each trans- 
formation Am for whose functions the left-hand member of (208) is different from 
zero has associated with it another transformation Am such that the circle-planes 
of the two transformations coincide. 

The surfaces of Guichard are of this type. 

Princeton University, 
May 14, 1915. 



